1. Introduction. A boundary value problem is well posed in the sense of Hadamard if three conditions are met. These are existence, uniqueness, and continuous dependence of the solution on the boundary data. In recent years some attention has been given to improperly posed problems [l ; 2 ; 3 ] . The point of view in these matters is directed at approximating in some stable way the solution of a problem which violates the last condition of well-posedness just described.
In this paper we will consider the backward heat equation, which leads to a classical improperly posed problem. To see that this is the case, consider the forward heat equation
with the initial condition
The solution is (1.3) u(x, t) = ne~n ' sin nx.
Thus the forward heat equation has a sequence of solutions which tend to zero while their corresponding initial values tend to infinity. Thus the backward heat equation which consists of solving (1.1) for t < T say, with data given for t = T has solutions which do not depend continuously on their initial data. The question of existence of a solution to the backward heat equation is also a delicate matter. To see this we observe that the solution of (1.1) and (1.2) may be written as
Therefore when a solution of the forward heat equation exists it is analytic for all />0. Therefore one can only prescribe certain analytic In this paper we will consider the backward heat equation in L2. We will show that in a subspace of L2 consisting of functions whose Fourier Transforms have compact support, the backward heat equation leads to a well posed problem in the sense of Hadamard.
We also provide a stable and convergent iteration scheme by means of which the solution may be computed. Proof. Since (2.5) SKTf = (2t)-1'2 e-T<°*F(cc),
and Fo(co) =0, it follows from (2.3) that/"£P for all n. Now making use of the fact that 5 is of an isometry of L2 onto itself, we have from (2.3),
= 0||/n-/n-l||.
Since 0<1, the sequence/n(x) is a Cauchy sequence of functions in B. Since B is closed, this sequence has a limit /£P.
(2.6) shows that (I -Kt) is a continuous operator in B. Thus taking the limit as n->oo in (2.3) we obtain (2.7) u(x) = AV(x). This also proves the uniqueness of/. Q.E.D. Remark. The theorem assures both the convergence of /" to / and the boundedness of A/ in the L2 sense. To satisfy ourselves that the instabilities of the backward diffusion process have not been masked by an integral mollifying process, we remark that the convergence of /" to / and the boundedness of A/ are assured also in the maximum norm. This we state as the following:
Corollary, (a) The sequence/" produced in the previous theorem converges in the maximum norm, i.e., 1 / ra \i/2/ c a \i
Remark. (2.12) shows that the iteration scheme is stable even if arbitrarily large errors in the maximum sense are made in u, provided only that the corresponding L2 norm of these errors is small. Remark. If the iteration scheme is implemented, numerically say, there is always the danger that a specific iterate will not be in B because of errors in the actual means of implementation.
However, it is clear that even though the successive functions so obtained do not
